Growth Diagnostics For Dark Energy Models 
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In this work we introduce a new set of parameters (r g , s g ) involving the linear growth of matter 
perturbation that can be used to distinguish different dark energy models. Interestingly for ACDM 
model, these parameters take exact values (1, 1) at all red shifts whereas for models different from 
ACDM, they follow different trajectories in the (r g , s g ) phase plane. Using one of the most popular 
parametrization of dark energy equation of state ( CPL parametrization ) , we show that different 
dark energy behaviors, with nearly identical evolution of the linear density contrast, can produce 
distinguishable trajectories in the (r g ,s g ) phase plane. This shows that these two parameters can 
extremely effective to distinguish different dark energy models. Finally, using the presently available 
data for linear growth of structure formation, we show that it is indeed possible to put stringent 
constraint in the (r g o, s g o) phase plane ruling out some of the dark energy behaviors. 
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One of the biggest discoveries in modern cosmology 
is the fact that our Universe is currently undergoing an 
accelerated expansion phase and the change over from 
decelerated phase has occurred in recent past. Various 
cosmological observations like luminosity distance mea- 
surements from Typc-Ia Supcrnovae [l]-[5], measurement 
of angular diameter distance using standard ruler like 
acoustic oscillations in Cosmic Microwave Background 
Radiation (CMBR) [6] as well as Baryon Acoustic Os- 
cillations (BAO)[7] in matter power spectra and mea- 
surements of gravitational clustering [8] suggest that two 
third of the total energy density of our Universe is con- 
tributed by an exotic component with negative pressure 
(known as dark energy) which results this late time accel- 
eration of the Universe. Till date, a variety of dark energy 
models have been proposed involving cosmological con- 
stant, canonical and non-canonical scalar fields, Galileon 
fields, DBI-Galileon fields, phantom fields, scalar fields 
non-minimally coupled to gravity, chaplygin and gener- 
alized chaplygin gas fluids, fluids involving defects and 
many more, to explain the late time acceleration of the 
Universe (see [9] and references therein). Models involv- 
ing infra-red modification of the gravity sector have also 
been proposed to explain this (see [10] for an excellent 
review on f(R) gravity models). The challenge is now 
to distinguish all these models using present and future 
cosmological observations. If we rely only on the mea- 
surements involving background expansion, it is very dif- 
ficult to remove the degeneracies among different models. 
In this regard, two very important diagnostics have been 
proposed by Sahni et. al.[12]. These are called statefind- 
ers (r, s). The amazing property of these two parameters 
is that they take fixed values (1,0) at all redshifts for 
ACDM model. If one studies the phase space in the (r, s) 
plane, ACDM represents a fixed point and all other dark 
energy models show widely different trajectories. Hence 
constraining the (r, s) phase plane can remove degenera- 
cies between different dark energy models including the 
concordance ACDM model. It was also shown by the 



same authors [13] that future Type-la supernova obser- 
vation like SNAP and JDEM can constraint this phase 
space so severely that many of the possible dark energy 
models can be ruled out. 

The other important probe for the late time cosmic 
acceleration is the growth of the matter density con- 
trast. As cosmic acceleration slows down the growth of 
the fluctuations, its effect on the matter density contrast 
5 m {z) = is a very important tool to constrain differ- 
ent dark energy models. It can have crucial insight into 
the dark energy properties to remove the degeneracies 
involved. 

In this paper, we introduce two new dimensionless pa- 
rameters r g and s g which are constructed using the lin- 
ear growth factor for the matter defined as f = dl ° gSm , 
We call them " Growth Diagnostics" . We shall show that 
these two new diagnostics involving growth factor are 
extremely powerful to remove the degeneracies between 
different dark energy models even with current data. 

These parameters are defined as 
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s g - 4 (30 m 2) 2 
where F(t) is a dimensionless quantity defined as 
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where S m is the linear matter density contrast satisfying 
the equation 



2H5 m = AnGpmSr, 



(3) 



Here H = - is the Hubble parameter, a is the scale 
factor, and p m is the background matter density. The 
dot denotes the derivative with respect to cosmic time t. 
h = ■§- is the normalized Hubblc's constant. The growth 
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of the large scale structures are measured through the 
matter density constrast at linear regime and sub horizon 
scales. In these scales, it is safe to assume the dark energy 
to be a homogeneous fluid. Hence in equation (3), we 
ignore the dark energy perturbation. 
For ACDM model, F(t) cx H f aM(t ,f^ (t)) [14]. 

These new parameters are defined such that both of 
them are unity for ACDM at all red shifts. Therefore, 
in {r g ,s g ) phase plane, ACDM represents a fixed point 
(1,1). For all other dark energy models we get deviation 
from the fixed point. 

Parameters defined in cquation(l) are related to the 
growth factor / as 
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FIG. 1: Behaviour of growth factor / as a function of the scale 
factor a (left) and the parametric plot for different models in 
r g — s g phase space (right). In the left figure, thick dashed 
line denotes the ACDM model with wo — —l,w a = while 
the same model is represented by the point (1,1) in the right 
figure. In both the figures thick line denotes wo = —1.2, w a — 
1, thin line denotes wq = —0.95, w a = 0.8, dashed line denotes 
too = —0.9, w a = 0.5 and dotted line denotes wo = —0.7, w a = 
— 1. The dots in the right figure represents the present day 
values. 



where prime denotes the derivative with respect to the 
scale factor and 
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We consider the CPL paramctrization [15, 16] for dark 
energy equation of state: 



Wcpl = w + w a (l - a), 



(6) 



where Wo,w a are constants. In this paramctrization, 
wo = — 1 and w a = corresponds to the ACDM model. 
In the Friedman-Robertson- Walker cosmology, the nor- 
malized Hubble parameter is given as 




FIG. 2: la and 2a contours in the wo — w a plane(left). la 
and 2a contours in r g o — s g o plane (right). For point 1, wo = 
— 0.9, w a = 0.1, point 2 too = — 0.9, w a = —0.1, point 3 w = 
—0.85, w a = 0.3, for point 4 wo — —0.8, w a ~ —0.5, for point 
5 w = — 0.85,ui a = —0.3 and for point 6 wo = —1.05, w a = 
0.2. L represents the ACDM model in both the plots and 
Bf in the right plot denotes the best fit value. In both the 
cases, f2 m o = 0.26. The dotted and dashed lines in both plots 
show the thawer and tracker regions. Dash-dotted line in the 
right plot shows the phantom divide. The right of this line 
represents the phantom region. The thick-dotted line in the 
right plot is for constant equation of state for the dark energy. 
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Using the above form of Hubblc's parameter we solve 
equation (3) numerically and calculate the parameters r g 
and s g . Figure (1) shows the variation of / with the scale 
factor for different models (left) and the behavior of the 
same models in the r g — s g phase plane are also shown 
(right). The values of {r g ,s g ) at present are shown by 
the corresponding black dots. The ACDM is represented 
by the fixed point whereas all other dark energy models ( 



represented by different choices of (wq, w a ) ) have differ- 
ent trajectories in the r g — s g phase plane. It is demon- 
strated that all the different dark energy models which 
produces nearly similar behavior for the growth factor 
/(a), have completely different trajectories in r g — s g 
phase plane. The values of (r g ,s g ) at present are also 
widely different for different dark energy models includ- 
ing the ACDM model for which it is always fixed at (1, 1). 
This shows the power of the growth diagnostics (r g ,s g ) 
in distinguishing different dark energy models using the 
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FIG. 3: Same as Figure 2, with f2 m0 = 0.28 
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TABLE I: Currently available data for linear growth rate f b s 
used in our analysis. 



For f2 m o = 0.26, 0.28, 0.3, the covariance matrix C = 



P for (r g0 , s g o) are given by 



[C'}(r g0 ,s g0 ) 



0.926 0.090 
0.090 0.023 



(10) 



FIG. 4: Same as Figure 2 with Q m0 = 0.3 



growth data. 

With such a result, our next goal is to see whether 
using the presently available growth data, we can mean- 
ingfully constrain the r g o — s g o ( the subscript "0" denotes 
the values at present, z = 0) phase space so as to distin- 
guish different dark energy models. 

We use this presently available data for the growth 
factor /(a) for this purpose ( given in Table I). 
If we know the Fisher matrix T in terms of parameters 
u>o and w a then we can calculate the Fisher matrix T' in 
terms of new parameter r g o and s g Q. This can be done 
using the relation [26]: 



[C'](r g o,s g0 ) 



[C'](r g o,s g o) 



0.519 0.246 
0.246 0.150 



0.273 0.309 
0.309 0.390 
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(12) 



[P] = [M T ][F][M\ 



(8) 



TABLE II: Best fit values of too, w a and the best fit value of 
r g o and s g o for three different values of f2 m o. 



where 

( dwg dwg \ 
dr g0 ds g0 ) BestFit 

We calculate the Fisher matrix for wq and w a for three 
different values of il m o namely O m o = 0.26,0.28,0.3. 
Knowing these Fisher matrices, we calculate the Fisher 
matrix for r g o and s g o using the relation (8). Table II 
summarizes the best fit values of wo and w a and the 
corresponding best fit values of r g o and s 9 q today for 
different fl m Q. 



With this we draw the la and 2a confidence contours 
in the wq — w a parameter space and the corresponding 
contours in the r g Q — s g o phase space. One can easily see 
that although the constrained regions in wq — w a phase 
space are sufficiently broad allowing a very wide range 
of dark energy behaviors, the corresponding regions in 
the r g o — s g o phase space are significantly narrower. This 
helps to remove the degeneracies between different dark 
energy models that is present in the wo — w a phase space. 
In both of these plots, we also show the regions for tracker 
and thawer type of scalar fields previously obtained by 
Cadlwcll and Linder [11]. 



4 



To demonstrate the distingusihing power of the growth 
diagnostics, we take some specific dark energy behaviors 
(characterized by different choices of Wq — w a ) that are 
allowed in the Wq — w a phase space. We take some points 
in tracker and thawer regions as well as some points in the 
phantom region which are allowed by the growth data in 
the wo — w a phase space. But when these same points are 
considered in the r g o — s g o phase space, some of them are 
disallowed either at la or at 2cr confidence level. This 
clearly demonstrate the advantage of using the growth 
diagnostics (r g — s g ) in removing degeneracies between 
different dark energy models using the growth data. 

To conclude, motivated by statefinder parameters (r, s) 
for background expansion introduced by Sahni et al. [12], 
we introduce a similar pair of parameters (r g , s g ) for the 
growth history of Universe. We call them growth diag- 
nostics. Interestingly both of these parameters are fixed 
at (1, 1) for all redshifts for ACDM model. Although dif- 
ferent dark energy models show nearly similar behavior 
for growth factor, thereby making them hard to distin- 
guish using present growth data, they show widely dif- 
ferent trajectories in the r g — s g phase space. This can 
be extremely useful to remove the degeneracies between 
different dark energy models using the growth data it- 
self. To show this, we construct the confidence region 
in the r g o — s g o phase space using the current growth 
data. We show that models which are degenerate in the 
wo — w a plane, can easily be distinguished in the r g o — s g o 
phase space. With future data, where we expect the er- 
ror bars to be sufficiently smaller, we hope the growth 
diagnostics to be even more effective to distinguish dif- 
ferent dark energy models. Also, in this work, we con- 
sider only dark energy models parametrized by the CPL 
paramctrization. It will be interesting to see how effective 
these growth diagnostics are for modified gravity models 
which arc alternatives to the dark energy models in ex- 
plaining the late time acceleration as well as for models 
where the dark energy is coupled to the matter sector of 
the lagrangian. 
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